
HW 4 5 WAVE EQUATIONS

SPIN 1 2

A massive spin la particle can be interpolated by a Dirac spinor
u

where il We recall the expressions for the spinor wave functions in
momentum space
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We now notice that as a consequence of the fact that Dirac spinors
are a basis for a representation of parity and the state of a particle
at restio the vacuum is invariant under parity we get
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Therefore we find trivially
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Alternatively we could explicitly use the expressions for the spinors
in order to find the equality
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We now notice that we can rewrite theequation above using the four
vector E mio as
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We recognize this equation as the Dirac equation in momentum space
for the wave function in the rest frame We can generalize the equation
to an arbitrary frame using the appropiate Lorentz transformation
In fact

ZIP A COI V10 I P A COI V10 ULA I Pd

01 UTA 410 ULA 15,11 9 A 01410 F A

SIA 215 A

where SIA is the representation for the Lorentz transformation on
Dirac Spinors which is given by
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Let us recall the property
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Thus we can multiply the Dirac equation in the rest frame with
SIA on the left to get
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At this point we would like to Fourier transform the result in position

DIO we can define the operator in Fourier space which acts
multiplicatively as

IT P è P
Dio è ipx

Therefore we find
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and we finally get the Dirac equation in position space
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SPIN I

A massive spin i particle can be interpolated by a vector field
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In the particle rest frame
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We notice that in all cases
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This condition can be rewritten using the fact that pm_ mio as
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Proceeding in exactly the same way we have done in the previous point
we can generalize the above constraint in a generic frame
In fact
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Therefore
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In addition we have the trivial constraint

P M2 E P.A O

comingfrom the fact that pu I miei P

Now we can use again the relation p ftp.xdlyyeipx



to rewrite the constraints in the form
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I We now consider the definitions
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Theseoperators are projectors that is they satisfy
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We now show that the two constraints above are equivalent to just
one equation
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We start proving that the validity of
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implies the equation above In fact
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On the contrary il
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then multiplying on the left with It and It using the fact that they
are projectors we find
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These relations are equivalent to the two constraints above In fact
contracting the recon equation with am we find
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and the first one becomes
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Thus the equivalence is proved

2 We now want to find the value of a for rich the equation
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is local For this purpose it is enough to consider the very definition
of the projectors
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We find that choosing a ma the equation becomes local
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This is the Prova equation



SPIN 2

We now consider a massive spin 2 particle whose state are IP i
With i 2 1,0 1,2 A symmetric rank two tensor can interpolate
between these state and the vacuum Thus we define the
wavefunction
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I We want to find the polarizations E fin in the rest frame
P mò We notice that the rank two tensor h transforms

in a reducible representation of the Lorentz group
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In fact we can always write h Int 14 hm where he L'an 10,0 and
E G _I hymn 1,1 In addition 0,0 0 1 1 È 00102

Let us identify the irreducible components of the tensor We recall
the representation for rotation matrix
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and
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Therefore
by convention latin indices run over i 2,3 while greek ones over 0.1.2.3

L 00 900 spin o component

E ii h i spin o component

L Ri foi spin i component

L'is Ri Ri free spin 2 component

Thus we have identified the spin a component of the rank two tensor
This means that for a spina particle the polarization tensors satisfy
the constraints
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and the non zero components are given by E P.A
Let us now derive the polarization tensors For this purpose let us
consider the 5013 generators Ji Il 110J We can derive the representation
acting with the lowering operator 5 il il J where Je t'ei J starting
from the maximum weight the state which is annihilated by the rising
operator Therefore we need to solve
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We notice that if we know the solution to the equation

JI K G O

then the problem would be solved by E G'G Thus let us identify
We recall the 5013 generator in the adjoint representation
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Therefore the solution to Jt le o is given by

a E
which is an eigenvector of Js
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We may write 415 ti It Let us consider the action
of the lowering operator on this vector
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and finally
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We are now ready to derive the polarization tensors in the particle
rest frame we recall J EIP.N 6 XIEIP.nl 1
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Summarizing we have
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We notice that these tensors satisfy the following normalization
condition

EYED E 15,1 San
In addition as the method of the maximum weight guranters all these
tensors are traceless Let us now come back to their constraints
We have seen that

E P.A O

E'µ P.A O

We can rewrite these conditions in the following form

Fu E P.A O

E 5,1 O

which are suitable to be made covariant

2 We are interested in writing the constraints of the previous point
in a generic reference frame For this purpose let us recall that
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Therefore we can rewrite the equations above as
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that means
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They can bewritten in terms of the wave functions
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3 Let us now consider the Fiera Pali equation
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We want to prove that its validity implies the constraints we derived
before
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Let us contract the equation with Mi
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Therefore we have
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Now let us contract the IP equation with a
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We find
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Let us consider the two equations together
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Substituting the second in the first one we find
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which are exactly the constraints we derived before

4 Let us recall from the previous exercise the operator
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We want to construct the projectors IT IT IT IT to the
spin 2 I and o two of them representation of 8013
For this purpose let us show how to extract the 5013 irreducible components
that we identified at the beginning of this exercise from the li o.o tensor
We can start working in the particle rest frame and then we will use
Lorentz covariance to generalize the results to an arbitrary frame

This is the E componentwhich can be extractedusing the vector te lmio
as
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This is the trace E 5,0 which can be derived removing the E component
from E 5,0 Thus we find
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SPIN I

This is the vector E pt E pt We can extrat thesecomponentsfrom
E Pt as
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Finally we can derive the spin 2 tensor by subtracting the previous
components to E 5 il We find
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Now we recall that
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therefore we find the relations
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These equations are relations between tensors and thus they do not depend
on the particular coordinate system we cantransform both side of the emotion in
the same way to rewrite the relation in a different frame
Thus we have
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II ne P II PITTI P I II P Te P
which is the desired result in momentum space

Wenotice that Ti e are projectors as a consequence of the fact that
IT are projectors In particular theysatisfy the completeness relation
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Finally we can define the projectors that mix the two spin o representations

IT In.no E II TI
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Their action is clear when we Fourier transofm the operator and we
consider the particle root frame
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We notice that theseoperators satisfy
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5 We want to rewrite the Fiera Pauli equation in terms of the
projectors we foundbefore Let us start writing
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ore equivalently
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We now use the following facts
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Now we consider the second one
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The It'it terms cancel
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Therefore we found that the Fiera Pauliequation can be written as
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We can verify the result replacing the projectors with their explicit
expression
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The non local terms cancel and we are left with the FP equation


